Abstract. In this work, we study the existence of mild solutions for a class of partial integrodifferential equations with nonlocal conditions. Our analysis uses the resolvent operator theory and relies on a new fixed point theorem of Sadovskii-Krasnosel'skii type. Our results improve and complement several earlier related works. Some examples are provided to illustrate the theoretical results.
Introduction
In this work, we study the existence of mild solutions to the following partial integrodifferential equation with nonlocal conditions: Equations of the form (1.1) serve as an abstract formulation of many partial integrodifferential equations arising in heat flow in materials with memory, viscoelasticity and many other physical phenomena (see [30, 7, 28, 29] and the references therein). As a concrete special case of (1.1) we can consider the partial neutral differential equation concerning the heat conduction in fading memory material. In the classical theory of heat conduction, it is assumed that the internal energy and the heat flux depend linearly on the temperature u and its gradient ∇u. Under those conditions, the classical heat equation describes sufficiently well the evolution of the temperature in different types of materials. However, this description is not satisfactory in materials with fading memory. In the theory developed in [22, 33] , the internal energy and the heat flux are described as functionals of u and u x . The following system [7, 28, 23, 12] has been frequently used to describe this phenomena, (1.2) ∂ ∂t u(t, x) + Here, Ω ⊂ R n is open, bounded and has smooth boundary, (t; x) ∈ [0; ∞) × Ω, u(t; x) represents the temperature in x at the time t, c is a physical constant and k i : R → R, i = 1, 2, are the internal energy and the heat flux relaxation respectively. By assuming that the solution u(.) is known on (−∞; 0] and k 1 ≡ 0 we can transform this system into the abstract form (1.1), with A = △ and B(t) = k 2 (t) △ .
Another special case of (1.1) is the following model (1.3) d dt u(t) − λ 
B(t−s)u(s)ds−p(t)+q(t),
which arises in the dynamics of income, employment, value of capital stock, and cumulative balance of payment, see [9] for more details. Here λ is a real number, the state u(t) ∈ R n , C(.) and B(.) are n × n continuous function matrices, A is a constant n × n matrix, p(t) represents the government intervention, and q(t) the private initiative. If the solution u is known on (−∞, 0] and C ≡ 0, then this system can be transformed into an abstract system described as (1.1).
The problem of existence and uniqueness of solutions of equations of the special form as in (1.1) have been studied by many authors using different approaches. Specifically, there exists an extensive literature related to the existence and qualitative properties of integrodifferential equations using resolvent operator technique. We refer the reader to the book by Gripenberg et al. ([21] ) which contains an overview of the theory in finite dimensional case. For abstract integrodifferential equations described on infinite dimensional spaces, we refer the reader to the monograph by Pruss ([34] ).
In some phenomena, nonlocal initial conditions are more realistic and practical than the classical ones in handling physical problems. As stressed in [3, 11] and the references therein, the nonlocal condition u(0) = u 0 + g(u) has better effect in some physical problems than the classical condition u(0) = u 0 .
For example, in [11] , the author introduced the following nonlocal condition:
where c i , i = 1, 2, · · · , n and 0 < t 1 < t 2 < · · · < a, to describe the diffusion phenomenon of a small amount of gas in a transparent tube. In this case, the above explanation allows the additional measurements at t i , i = 1, 2, · · · , n.
The study of the existence of solutions for some evolution equations with nonlocal conditions was initiated by Byszewski in [3] . The authors proved the existence and uniqueness of mild, strong and classical solutions of (1.1), when B = 0. Since then, the problem was addressed by many investigators. We quote the contributions by Recently, Lizama et al. in [27] proved the existence of mild solutions to the nonlocal problem (1.1) when g is compact and the resolvent operator R(t) is norm continuous. The analysis uses the resolvent operator theory and Sadovskii's fixed point theorem.
In this work, we propose a new approach, to avoid the compactness of g, which combines iterative techniques with a new fixed point theorem of Sadovskii-Krasnosel'skii type recently proved in [18] . We also prove that the immediate norm continuity of the resolvent operator R(t) associated to (1.1) is equivalent to the immediate norm continuity of the semigroup T (t) generated by A. This result is interesting in itself and is of fundamental importance from practical viewpoint. In fact, in many applications it is always not possible to show that the resolvent family associated to (1.1) is immediately norm continuous, while the immediate norm continuity of the semigroup generated by A offers no problem.
The outline of this work is as follows. In Section 2, we recall some basic definitions and preliminary facts which will be used throughout this work. In Section 3, we first give necessary and sufficient conditions for the norm continuity of the resolvent operator associated to (1.1). Next we prove the existence of mild solutions of (1.1) under rather general and nonrestrictive assumptions. In Section 4, we provide two examples to illustrate the theoretical results.
Preliminaries
In this section, we introduce some definitions and preliminary facts which are used in this work. Let Z and W be Banach spaces. We denote by L(Z, W ) the Banach space of bounded linear operators from Z into W endowed with the operator norm and we abbreviate this notation to L(Z) when Z = W . We now recall an important fact on the resolvent operator theory, see [8, 10, 20] .
Let us consider the following integrodifferential equation:
In the sequel, we assume that: (H1) A is a closed densely defined linear operator on a Banach space (X, |.|). Since A is closed, then D(A) equipped with the graph norm x := |Ax| + |x| is a Banach space which is denoted by (Y, . ). (H2) (B(t)) t≥0 is a family of linear operators on X such that B(t) is continuous from Y to X for almost all t ≥ 0. Moreover, there is a locally integrable function b : R + → R + such that B(t)y is measurable and |B(t)y| ≤ b(t) y for all y ∈ Y and t ≥ 0. (H3) For any y ∈ Y , the map t → B(t)y belongs to W (a) R(0) = I, the identity map on X and |R(t)| ≤ M e βt for some constants M and β.
The following result provides sufficient conditions for the existence of the resolvent operator for (2.1).
Theorem 2.2 ([10]). Assume that (H1)-(H3) hold. Then (2.1) admits a resolvent operator if and only if
From now on, we will assume that: (H4) A generates a C 0 -semigroup (T (t)) t≥0 .
Before to resume our analysis, let us recall some relevant definitions and results. The Kuratowski measure of noncompactness is defined by: α(B) = inf{d > 0; B can be covered by a finite number of sets of diameter < d}, for each bounded subset B of X. The following lemmas summarize several properties of α(.) that are useful for our purposes.
By a measure of noncompactness on a Banach space X we mean a map ψ : B(X) → R + which satisfies conditions (1)- (5) in Lemma 2.3; where B(X) stands for the collection of bounded subsets of X.
For later use, we recall the following lemmas.
We shall make extensive use of the following lemma.
Lemma 2.9 ([2]). Let H be a bounded subset of X. Then for each ε > 0, there exists a sequence {u n } n∈N ⊆ H such that
We also need the following elementary result.
Then, lim n→∞ S n = 0. Now, we make a short note on convex-power condensing operators. Let M be a nonempty closed convex subset of X, K, S : M → X two nonlinear mappings and x 0 ∈ X. For any D ⊆ M, we define
and
Definition 2.11 ([35] ). Let X be a Banach space, M be a nonempty closed convex subset of X and ψ a measure of noncompactness on X. Let K, S : M → X be two bounded mappings (i.e. they take bounded sets into bounded ones) and x 0 ∈ M. We say that K is a S-convex-power condensing operator about x 0 and n 0 w.r.t.
The considerations of this paper are based on the following fixed point result.
Theorem 2.12 ( [18] ). Let X be a Banach space and ψ be a measure of noncompactness on X. Let M be a nonempty bounded closed convex subset of X. Suppose that K, S : M → X are two continuous mappings satisfying:
there are an integer n and a vector x 0 ∈ X such that K is S-powerconvex condensing w.r.t. ψ. Then S + K has at least one fixed point in M.
Main results

Norm continuity of R(.).
In this subsection, we prove that the immediate norm continuity of the resolvent operator R(t) associated to (2.1) is equivalent to the immediate norm continuity of the semigroup T (t) generated by A. Before we prove this result, we state the following lemma.
Lemma 3.1 ([10, Lemma 1]). Assume that (H1) − (H4) are satisfied. Let (T (t)) t≥0 be the C 0 -semigroup generated by A and (R(t)) t≥0 be the resolvent operator of (2.1). Then
The operators Q(.) and W (.) are uniformly bounded on bounded intervals, that is, for each a > 0 there exists k(a) and k ′ (a) such that |Q(s)| ≤ k(a) and
Moreover, for each x ∈ X, Q(.)x and W (.)x belong to C([0, ∞), X). Now, we are ready to state the following result. Proof. The proof is reasonably straightforward using Lemma 3.1.
Existence result.
In this subsection, we prove the existence of a mild solution for the nonlocal problem (1.1). By a mild solution of (1.1) we mean a continuous function u : [0, a] → X satisfying:
To ensure that a mild solution of (1.1) exists, we make the following assumptions.
(H5) The semigroup (T (t)) t≥0 is norm continuous for t > 0.
(H6) The function f : [0, a] × X → X satisfies the Carathéodory conditions; that is, f (., u) is measurable for all u ∈ X and f (t, .) is continuous for almost all t ∈ [0, a]. (H7) There exist a function ρ ∈ L 1 ([0, a]; R + ) and a nondecreasing continuous function Ω :
(H9) There exists a nonnegative constant L g , such that
Now we are in a position to state our existence result. 
where, M a = sup 0≤t≤a |R(t)|.
Proof. To allow the abstract formulation of our problem, we define the operators S, K : C([0, a]; X) → C([0, a]; X) as follows
Then u is a mild solution for (1.1) if and only if u is a fixed point for the sum S + K. We shall point out that assumptions of Theorem 2.12 are fulfilled.
First, we show that K, S are continuous on C([0, a]; X). To see this, let (u n ) n be a sequence in C([0, a]; X) such that lim n→∞ u n = u in C([0, a]; X). By assumption (H6) we know that for a.e. s ∈ [0, a], we have
Using the dominated convergence theorem, we deduce that lim n→∞ |Ku n −Ku| = 0. The continuity of S follows from (H9). Now, let r > 0 and B r = {u ∈ C([0, a]; X) : |u| ≤ r}. For u, v ∈ B r and t ∈ [0, a], we have
We show that there exists r > 0 such that Su + Kv ∈ B r . If it is not the case, then for each r > 0 there exists u, v ∈ B r such that Su + Kv / ∈ B r , that is,
which implies when dividing by r that
Taking lim inf as r → ∞, we obtain
which contradicts the assumption (3.4). Therefore, there exists r 0 > 0 such that |(Su) + (Kv)| ≤ r 0 . Thus Su + Kv ∈ B r0 for all u, v ∈ B r0 . Next, we claim that the operator S is a strict contraction. Indeed, by (H9) we can see that
for any u, v ∈ B r0 and any t ∈ [0, a]. Consequently,
where k = M a L g < 1. This proves our claim.
Finally, we prove that the operator K is S-power-convex condensing. This will be achieved in three steps. Let D be a subset of B r0 .
Step 1. We show that K(D) = {Ku = t 0 R(t − s)f (s, u(s))ds : u ∈ D} is equicontinuous on [0, a]. To see this, let t = 0 and t ′ > 0. Then from (H7) we have
Using Theorem 3.2 and (H5) we deduce that
|R(t ′ − s) − R(t − s)| → 0 as t ′ → t almost all s = t.
Since the function s → R(t
, then the Lebesgue dominated convergence theorem implies that
Therefore,
Step 2. We then illustrate that F (n,0) (K, S, D) is equicontinuous on [0, a] for any integer n ≥ 1. To perform this, notice first that for u ∈ F (1,0) (K, S, D) there exists v ∈ D such that u = Su + Kv. Then for t, t ′ ∈ [0, a] we have
Hence,
Now the equicontinuity of F (1,0) (K, S, D) follows from Step 1. The same reasoning as above implies that
, is equicontinuous. By mathematical induction we can prove that
is equicontinuous for all n ≥ 1.
Step 3. We show that there is an integer n 0 such that α(F (n0,0) (K, S, D)) < α(D). Notice that for t ∈ [0, a], we have
By using the properties of the measure of noncompactness and properties of S, we get
This implies that
On the other hand since K(D) is bounded, then from Lemma 2.9 for each ε > 0, there exists a sequence {v n } n∈N ⊆ K(D) such that
+ε.
Since
Thus in virtue of (H8) we have
where τ = sup 0≤s≤a |ϕ(s)|. Letting ε → 0, we get
This means by (3.5) that
where λ = 4Maδ
(1−k) and µ = 4Maτ
(1−k) . On the other hand,
Referring to Lemmas 2.3 and 2.4, we see that
Moreover from Lemma 2.9 there exists a sequence {w n } n∈N ⊆ co(
Linking (3.6) and (3.7) we get
Letting ε → 0, we obtain
By mathematical induction we obtain that for all integer n ≥ 1
Using the equicontinuity of F (n,0) (K, S, D) together with Lemma 2.6, we infer that
As 0 < λ < 1 and µa > 0, it follows from Lemma 2.10 that there exists n 0 ∈ N such that
This implies
Consequently, K is S-power-convex condensing. Applying Theorem 2.12, we deduce that S + K has at least one fixed point in B r0 which is, in turn, a mild solution of (1.1). [27] g is assumed to be compact and the resolvent operator is immediately norm continuous. In [36] , the compactness of g and B = 0 are required.
Applications
Application 1.
To apply our results, we consider the following nonlocal partial integrodifferential equation
for t ∈ [0, a] and x ∈ [0, 1], w(t, 0) = w(t, 1) = 0 for t ∈ [0, a], w(0, x) = w 0 (x) + G(w(t, x)) for t ∈ [0, a] and x ∈ [0, 1].
Let X = C 0 ([0, 1]; C) be the space of continuous functions from [0, 1] to C vanishing at 0 and 1 endowed with the uniform norm topology. We assume that:
. From assumption (v) we know that
where Ω(r) = |f 2 (0)| + L f2 r. Further, in virtue of Lemma 2.4 we have
We define the multiplication operator A induced on X as follows:
From [13, p. 121] we know that A generates a norm continuous multiplication semigroup (T q (t)) t≥0 on X given by T q (t)f = e tq f for t ≥ 0 and f ∈ X.
To allow the abstract formulation of (4.1) we define the operators B(t) : Y → X as follows:
Then (4.1) can be rewritten in the abstract form
Clearly, |B(t)y| ≤ |b(t)Ay| ≤ b(t) y and
for all y ∈ Y and all t ∈ R + . Accordingly, the assumptions (H1)-(H4) hold true. Thus, from Theorem 2.2 (4.3) has a resolvent operator (R(t)) t≥0 on X which is norm continuous for t > 0. Now we assume that G is Lipschitz continuous with Lipshitz constant 
Application 2.
To illustrate the application of the theoretical results of this work, we consider the following integrodifferential equation:
where the constants α, β satisfy 0 ≤ α ≤ 1, β ≥ 0 and the functions p 1 : I → R and p 2 : X → X satisfy appropriate conditions which are specified later. The operator A is defined by
with domain
where the coefficients a 1 , b 1 and c are suitably smooth and satisfy the usual uniformly ellipticity condition. The above problem serves as a model for the the study of heat conduction in materials with memory. We refer to [25, 30] for a discussion of the physical interpretation of (4.4) and a much more complete summary of previous related work. In [27] , the authors combine iterative techniques with the Hausdorff measure of noncompactness and fixed point theory to prove the existence of mild solutions for the semilinear integrodifferential equation (4.4) subject to compact nonlocal initial conditions. Our particular concern in this section will be in obtaining similar results under weaker assumptions and subject to non-compact nonlocal conditions.
To allow the abstract formulation of (4.4), we will simply follow the notation and terminology of [27] .
Let X = L 2 ([0, 2π]; R) be the Banach space of square integrable functions from [0, 2π] into R and let u(t) = ω(t, .) Equation (4.4) may be written abstractly in the shape
where, B(t) = βe −αt A, the function g : C(I; X) → X is given by
, here p 1 : I → R is integrable on I, and p 2 : X → X is a Lipschitzian function with a Lipschitz constant L p2 . The unknown function u(t) takes values in X. Note that g is not compact and so the approach used in [27] fails in our considerations. We apply Theorem 3.3 to get the desired result. Notice first that From [13] we know that A generates a bounded analytic, noncompact semigroup (T (t)) t≥0 on X. Thus, (H1), (H4) and (H5) hold true. Taking into account the fact that the linear operator A : Y → X is continuous we infer that B(t) is continuous from Y to X for all t ≥ 0. Moreover, if we take b(t) := βe −αt then b : R + → R + is locally integrable, |b ′ (t)| ≤ b(t) and |B(t)y| ≤ |b(t)Ay| ≤ b(t) y for all y ∈ Y and t ≥ 0. Therefore, (H2) is verified. Notice for any y ∈ Y , the map t → B(t)y belongs to W Thus, the conditions of Theorem 3.3 are fulfilled whenever
and therefore Equation (4.4) has a mild solution.
Remark 4.3. In the application above we have considered a simple nonlinear integrodifferential equation from heat conduction in materials with memory. However, the approach developed in this work can be applied in a similar way to a large class of integrodifferential equations of the form (1.1), when the compactness of the semigroup or the nonlocal condition fails to hold.
Concluding remarks
In the present work, we deal with the existence of continuous solutions for a class of nonlinear partial integrodifferential equations with nonlocal conditions. The condition assumed in this work for the nonlocal term g is of a fairly simple nature. It is important to note that we do not require the compactness of g. Furthermore, the immediate norm continuity assumption we used for the strongly continuous semigroup T (t) is more practical than the immediate norm continuity of the resolvent operator assumed by other authors. However, the authors conjecture that this assumption is redundant and can be dropped. Only the fact that A generates a strongly continuous semigroup is needed.
